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An approach for the optimal design of chemical processes in the presence of uncertainty was presented. The key idea in
this work is to approximate the process constraint functions and model outputs using Power Series Expansions (PSE)-
based functions. The PSE functions are used to efficiently identify the variability in the process constraint functions and
model outputs due to multiple realizations in the uncertain parameters using Monte Carlo (MC) sampling methods. A
ranking-based approach is adopted here where the user can assign priorities or probabilities of satisfaction for the dif-
ferent process constraints and model outputs considered in the analysis. The methodology was tested on a reactor–heat
exchanger system and the Tennessee Eastman process. The results show that the present method is computationally
attractive since the optimal process design is accomplished in shorter computational times when compared to the use of
the MC method applied to the full plant model. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 3243–

3257, 2014
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Introduction

Chemical process design is an essential task performed to
achieve the desired throughput and quality of the final prod-
ucts in the presence of safety, environmental, operational,
and physical constraints. The design process involves a
series of steps that aims to identify the most economically
attractive design using steady-state optimization.1,2 However,
optimal steady-state designs may fail to comply with the
process constraints when the process under analysis is sub-
ject to uncertainties in the model inputs (e.g., the composi-
tion of a reactant in a feedstream) or in the model
parameters (e.g., the activation energy in a chemical reac-
tion). Efforts to account for uncertainty at the design stage
have, therefore, been suggested and widely studied in the lit-
erature.3–5 The straightforward approach used to address this
problem is to add overdesign factors; however, this practice
of overdesigning a process to ensure feasibility under uncer-
tainty has been proven to be costly, especially in the design
of an expensive process unit or when uncertain parameters
only affect specific equipment or process units. This has
motivated the development of systematic methods that
explicitly account for uncertainty in the calculation of the
optimal process design. The resulting design represents the
most economically attractive process that complies with the
process constraints in the presence of uncertainty.

A popular method used to account for uncertainty in pro-
cess design is referred to as the stochastic programming
approach.6–8 This method evaluates the system’s optimal

design by performing extensive simulations of the actual
plant’s model obtained from multiple realizations in the
uncertain parameters. Different approaches that employ the
stochastic programming approach are available in litera-
ture.9–11 The multiscenario optimization approach is a popu-
lar stochastic programming method that has been proposed
for optimal process design under uncertainty.12–17 As dis-
crete sampling is required in the multiscenario optimization
approach, the more uncertainty realizations included in the
analysis, the more accurate the results at the expense of
higher computational costs. The latter is a key limitation of
this approach to address the optimal design of large-scale
process systems.18

The multiscenario approach is suitable when process reli-
ability, that is, full compliance of the process constraints, is
critical because it requires feasibility for all the possible
uncertain scenarios at minimum cost. However, there are
cases where the compliance of specific process constraints is
critical (safety-related), whereas violation in other process
constraints may be allowed with no actual risk to the process
operation or products quality. For example, a slight variation
in the liquid level of a storage tank away from its corre-
sponding feasible limits due to parameter uncertainty may
cause no serious implications to the plant’s economics. Con-
versely, the variability in a reactor’s working temperature
outside its feasible limits due to uncertainty in the system
parameters, for example, reaction rate kinetic parameters,
does impact the plant’s economics because it directly affects
the products’ formation and quality. As compliance of all
the process constraints normally require larger (more expen-
sive) designs, it may sometimes be more economical to
allow violation of less critical constraints (e.g., tank liquid
level) under uncertainty, than to design a robust process that
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satisfies the constraints at all times. In the latter case, it is,
therefore, desired to develop a ranking-based design
approach that ensures feasibility of the critical higher ranked
constraints (e.g., reactor temperature) at all times but allows
less ranked (noncritical) constraints to be partially violated
with the aim of achieving more economical but yet feasible
operational process designs.

A systematic method that implements the ranking-based

approach is chance constrained programming.19 In this

method, the objective function usually aims to minimize the

expected value and variance of the cost function, whereas

the constraints are redefined as minimum probability of satis-

faction held by the actual physical and process constraints

under uncertainty. To calculate the probabilities of constraint

satisfaction, monotonic relationships between individual

uncertain variables and its corresponding constrained varia-

bles are used to map the output boundaries according to the

region of uncertain inputs. This information is then used in a

multivariate integration to compute the probabilities in the

limited region of the uncertain inputs. This chance-

constrained programming is then transformed into a deter-

ministic equivalent optimization problem. The main chal-

lenge with this approach is the need to evaluate multiple

integrals to compute expected values (and/or variances) for

the objective function and constraints (at a given probability

limit) in the presence of uncertainty. Li et al.20–22 developed

a chance-constrained based methodology that addressees sev-

eral industrial problems, that is, production planning, process

design and operation, optimal control. Ostrovsky et al.23–25

developed a different approach to transform chance con-

straints into deterministic constraints using the concept of

uncertainty regions. This method searches for the optimal

form and location of the “uncertain space,” which is a deci-

sion variable in the optimization formulation by assuring that

the uncertain variables fall within this region with a high

probability (close to unity). This approximation in the uncer-

tainty region reduces the computational costs in the evalua-

tion of multiple integrals. Despite the progress made in this

area, the need to evaluate multivariate integrals, and the

computational effort associated with this calculation, are the

main challenges faced toward the application of these meth-

odologies for large-scale industrial chemical plants.
This article presents a practical ranking-based methodol-

ogy to address the optimal design and operation of large-
scale processes under uncertainty. The approach used in this
methodology uses power series expansions (PSE) to obtain
analytical expressions of the actual process constraints and
model outputs in terms of the uncertain parameters consid-
ered in the analysis. The resulting PSE analytical expressions
are then used to compute the distributions of the process
constraints and outputs (i.e., frequency histograms) due to
the different (probabilistic-based) realizations in the uncer-
tain parameters. Accordingly, the feasibility in the process
constraints is evaluated at a given (user-defined) probability
of satisfaction using their corresponding probability distribu-
tions. The effect of the system’s uncertainty on the cost
function can also be assessed in a similar manner to the pro-
cess constraints. Different process designs alternatives can be
assessed when the feasibility in the constraints are set to dif-
ferent probability of satisfaction limits, that is, a ranking-
based design. Thus, the present approach aids the user in the
decision-making process under uncertainty. The computa-
tional benefits and the accuracy in the calculations while

using the present ranking-based design methodology are
evaluated using a relatively simple case study, that is, a reac-
tor–heat exchanger system, and the Tennessee Eastman (TE)
process. The PSE method is utilized as it is a general and
practical approach that can be readily implemented to
approximate the behavior of nonlinear process models using
sensitivity analysis. These features make this approach an
attractive and practical alternative, especially for large-scale
processes because their corresponding PSE-based functions
can be readily estimated using established numerical meth-
ods, for example, finite differences. However, the key benefit
of this approach is the significant reduction in the computa-
tional costs associated with running multiple simulations of
the system to estimate the process outputs’ distributions
under uncertainty.

Pintarič et al.26 recently proposed an approach to design
flexible process flowsheets for systems under uncertainty by
performing first-order sensitivity analysis to identify the criti-
cal scenarios that may produce the worst-case realizations in
the uncertain parameters. These critical points, together with
an identified central basic point, were used to evaluate the
process constraints, which were found to be sufficient to
ensure the design’s flexibility. In that work, the objective
function is evaluated only at the central basic point, that is,
the efforts of evaluating a multidimensional integral are
avoided. While that approach has been shown to be compu-
tationally attractive, especially when dealing with large num-
ber of uncertainties, their method aims to identify robust
(conservative) process designs because they need to satisfy
the process constraints for the entire space of the uncertain
parameters. Thus, the approach is different to that presented
here as the design attained by the proposed method in this
article is subject to a probability of satisfaction in the pro-
cess constraint functions and model outputs (i.e., a ranking-
based approach) thus allowing the specification of more eco-
nomically attractive designs. As it is shown in the Case
Studies section, the present approach has been compared to
Pintarič et al.’s method to evaluate its computational
benefits.

The organization of this article is as follows: the next sec-
tion presents the mathematical framework proposed in this
study to compute the distributions in the constraints from
knowledge of the uncertainty distribution in the model inputs
and model parameters. The systematic method proposed in
this work to address the optimal design under uncertainty is
presented next. The method is initially tested using a case
study that involves the design of a reactor and heat
exchanger system. This case study was evaluated under dif-
ferent scenarios, which are aimed to analyze the benefits and
limitations of the present approach. A second case study
involving the optimal operation of the TE plant27 demon-
strates the computational benefits and accuracy of the present
approach to address the optimal design and operation of
large-scale systems under uncertainty. Concluding remarks
are presented at the end of this article.

Process Design Under Probabilistic-Based
Uncertainty

This section presents the methodology for the optimal
design of process systems under uncertainty in the model
parameters or in the model inputs. The present analysis
assumes that a process model z describing the behavior of
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the system under analysis is available for simulations and is
described as follows

zðd; p; x; y;u; hÞ50 (1)

where d is the vector of design variables, p represents the
model parameters, whereas x, y, and u are the state varia-
bles, the model outputs and inputs, respectively. Those
model parameters in p and model inputs in u that are uncer-
tain are defined as p~ and u~ and will grouped in a single
vector and referred from heretofore to as the system’s uncer-
tainty h, that is

h5 ~p; ~u½ � (2)

This work assumes that each of the system’s uncertain
model input or model parameter can be described with a par-
ticular probability density function (PDF), that is

h5½h1; h2; :::; hl; :::; hL�

hl � PDF ðalÞ

(3)

where the lth uncertain variable included in h follows a
specific PDF with distribution parameters al. The choice of
the type of PDF to describe each uncertain parameter
comes from process experience (when designing plants sim-
ilar to an existing one) or historical data of the plant (when
using the same input uncertainty source where such details
are available). In the latter case, the distribution of the
input uncertainty can be characterized by fitting the best
PDF that describes the available data. When no such infor-
mation is available, typically the PDFs of the uncertain var-
iables are described using Gaussian or uniform probability
distribution functions; however, the present method is not
restricted to these functions and assumes that each uncer-
tain parameter, such as hl, can be described using any sym-
metric or nonsymmetric probability distribution function,
for example, lognormal, exponential. Note that the descrip-
tion presented in (3) does not assign specific values for the
uncertain variables. Hence, an appropriate sampling tech-
nique such as the Monte Carlo (MC) sampling method is
needed to obtain the different realizations in h. MC sam-
pling in the proposed approach chooses N independent sam-
ple points randomly from the known PDFs (with
distribution parameters al) of the uncertain variables hl.
This is typically a standard task using available off-the-
shelf computing software. Unlike the stochastic program-
ming method, the present approach does not simulate the
plant model z for all N uncertain realizations to compute
the variability in the constraints due to h. Instead, the pres-
ent method represents the process constraint functions and
model outputs using a PSE function. Then, N MC sampling
points representing the uncertain parameters’ distribution
are generated and used as inputs to simulate the corre-
sponding PSE functions. The simulation results, describing
the variability in the constraint functions and the model
outputs due to hl, are then used to evaluate the feasibility
and economics of the current design under analysis. As it
will be shown in the next sections, the evaluation of the
constraints and model outputs using PSE functions is a
much less intensive task than simulating the actual process
model (z) N times, especially for large complex models.
The procedure to obtain the PSE constraint functions is
described next.

PSE method: Analytical approximation of the process
constraints

The process constraints are typically described as a func-
tion of the system parameters, state variables as well as the
model inputs and outputs, that is

hðp; x; y;u; hÞ � 0 (4)

where the vector of process constraints h usually impose a
safety, physical or operational limitation on the process to
be designed. The key idea on this method is to compute
analytical expressions for each of the process constraint
functions included in h due to the potential realizations in h
using PSE functions. Therefore, the actual nonlinear con-
straint function h is represented in the present analysis as
follows

hðhÞ5hð�hÞ1Mð1Þðh2�hÞ1 1

2
ðh2�hÞTMð2Þðh2�hÞ1:::

Mð1Þ5
@h

@h

����
h5�h

Mð2Þ5
@2h

@h2

����
h5�h

E½h�5�h

(5)

where M
(i) refers to the ith sensitivity term of the process

constraint function h, that is, Mð1Þ and Mð2Þ represent the
Jacobian and Hessian matrices of the process constraint func-
tion h, respectively. Similarly, �h represents the nominal
(mean) value of the uncertain parameters h. The PSE con-
straint function shown in (5) shows only up to an expansion
order of 2, but it can be easily expanded for any higher order
q. The constraint function h is assumed to be (q 1 1) times
totally differentiable with respect to h. For the case, when a
constraint h is a univariate function of a single uncertain
variable h, the resulting PSE approximation of h from (5)
simplifies to the following expression

hðhÞ5hð�hÞ1
Xq

j51

1

j!

@jh

@hj

� �����
h5�h

ðh2�hÞj (6)

As shown in (5), the PSE-based expansion model used to
describe the constraint functions is easier to evaluate because
it has an analytical expression, that is, explicitly defined in
terms of the system’s uncertain parameters h. Therefore, the
PSE constraint functions can be used to evaluate the process
constraints h due to multiple realizations in the uncertain
parameters h with minimum computational effort. By substi-
tuting the N sampled uncertainty realizations hN 2 <N3L into
each PSE-based process constraint expression similar to that
shown in (5), a set of estimates on each constraint function h
corresponding to each realization of the N sampled uncertain
variables is obtained, that is, hðhNÞ 2 <N31. The set of esti-
mates collected in hðhNÞare then used to generate a fre-
quency histogram that describes the distribution (variability)
of the constraint function h due to h. The accuracy of the
estimated distribution of the process constraints (depicted by
the histogram) improves as N becomes larger and as the
number of expansion terms considered in the PSE-based con-
straint function for h is increased. While increasing the order
of the expansion improves the analytical approximation of
the process constraint, it also increases the computational
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cost due to evaluation of higher order terms in the PSE-
based expansion. Therefore, the choice of the expansion
order in the PSE is problem specific because it depends on
many aspects of the system under analysis, for example, the
degree of nonlinearity of the system, the size of the process
model, the method used to compute the terms in the expan-
sion, that is, analytically or numerically,28 the probability
distribution function assigned to the system’s uncertain
parameters h. These particular aspects of the method are fur-
ther analyzed with the case studies presented in this work.
Higher order PSE expansions may be required to represent
systems with strong nonlinearities. In those cases, the com-
putational costs of the present method will increase, espe-
cially when many uncertain parameters are considered in the
analysis, because the proposed method relies on the calcula-
tion of the system’s sensitivities to the uncertain parameters.

In the present approach, the distribution of each of the pro-
cess constraints included in h will be used as a tool to imple-
ment a ranking-based design approach. A significance in the
process constraints is specified by assigning a probability
limit (Pbh) to each constraint, that is, each constraint included
in the analysis is ranked using Pbh based on its significance.
This probability of satisfaction indicates how often a particu-
lar constraint is expected to meet its corresponding feasible
limits. Thus, to ensure a feasible process design, the variabili-
ty in the process constraints h cannot violate its prespecified
limits (Pbh) due to the different realizations in h. Using the
assigned Pbh limit and hðhNÞ obtained from the PSE-based
constraint function, an estimate of the extreme possible value
of the process constraint function nh that occurs (100 3

Pbh)% of the time can be evaluated as follows

Pb h5Fðnh; hðhNÞÞ5Pðh � nhÞ
nh5fnh : Fðnh; hðhNÞÞ5Pb hg5F21ðPb h; hðhNÞÞ

(7)

where F is the cumulative probability function of the process
constraint function. Figure 1 presents a schematic representa-
tion of the PSE-based constraint function h evaluated at a
given probability Pbh. If the extreme possible value of the
constraint nh (calculated at a given Pbh) satisfies the process
restrictions specified in (4), a feasible process design is
obtained with a (100 3 Pbh)% guarantee that constraint h is
satisfied. Based on the above, the constraints (4) under sys-
tem uncertainty are evaluated in the present analysis using
the constraint function’s extreme estimates (nh) at a user-
defined probability of satisfaction (Pbh), that is

nhðF; hðhNÞ; Pb hÞ � 0 () P hðp; x; y;u; hÞ � 0ð Þ � Pbh

(8)

The expression on the right-hand side in (8) denotes the
probability of the actual nonlinear constraint functions
obtained with the actual nonlinear plant model z, whereas
the extreme estimate on the left-hand side is obtained from
the PSE-based constraint function shown in (5) followed by
a probabilistic inference. Because nh is only an estimate of
the constraint at a given probability limit Pbh, there is also a
probability of (1 2 Pbh) where h can take values beyond nh.
In the proposed approach, the probability of constraint satis-
faction Pbh, which determines the rank assigned to each con-
straint, represents an input to the present method, that is, it
is a user-defined input parameter. Thus, higher probabilities
should be assigned to those constraints that are considered to
be critical. Setting Pbh !1 implies that the design will sat-
isfy the constraints almost all the times, this is often termed

as the worst-case scenario approach (see Figure 1). While
the worst-case scenario ensures that the design remains feasi-
ble for almost surely all the realizations in h, this robust
design is typically conservative and expensive. The subscript
in Pbh suggests that different probabilities can be assigned
for each process constraint enabling a ranking-based design.
The latter will assist in achieving less conservative (econom-
ically attractive) designs but at the same time keeping the
critical constraints within specification (at a given probability
of occurrence). Therefore, the selection of a suitable ranking
structure is problem-specific because it depends on the goals
to be attained by the design, for example, process economics
and process safety. The analysis described above for the pro-
cess constraints can also be implemented in the same fashion
to evaluate the variability in the model outputs and state var-
iables that are included in the plant’s cost function.

Optimal design under uncertainty

Based on the above developments, the optimal design of a
chemical system under uncertainty can be formulated as
follows

min
g5½d;u�

/5CCðd; hÞ1OCðx; y;u; hÞ

s:t :

zðd;p; x; y; u; hÞ50

nhðF; hðhNÞ;Pb hÞ � 0 h 2 h

dl � d � du

ul � u � uu

(9)

The above problem aims to minimize the economic cost of
the process, usually described in terms of the capital cost (CC)
and operating cost (OC), by selecting feasible process designs
d and operating conditions (i.e., model inputs u). The feasibil-
ity criteria follow a ranking-based approach where each con-
straint function h can take different values for Pbh, which
becomes the constraints’ minimum probability of satisfaction.
Despite the stochastic nature of this process design formula-
tion, that is, each uncertain parameter is described with a spe-
cific PDF as shown in (3), the implementation of the PSE-

Figure 1. Schematic representation of the constraint
function’s distributional analysis.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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based approach proposed here to evaluate the process con-
straints and cost function under uncertainty in the parameters h
reduces problem (9) into a deterministic nonlinear constrained
optimization problem that can be solved using available NLP
solvers such as sequential quadratic programming (SQP).29

The outcome of the present formulation returns an optimal
process design that accommodates uncertainty in the system’s
parameters h up to a user-defined probability of constraints sat-
isfaction (Pbh). Figure 2 shows the algorithm for the optimal
plant design under uncertainty presented in this work. As
shown in this figure, the plant model z is only required in the
PSE approximation step to calculate the expansion terms in
(5). Note that the present method uses the PSE-based model
developed for each process constraint function h to compute
the distributions on each constraint instead of simulating the
nonlinear process model z for each uncertain realization in the
parameters h. The latter approach reduces the computational
effort considerably especially for the optimal design of large-
scale systems. Note from Figure 2 that the PSE-based con-
straint functions need to be recalculated at each iteration step
in the optimization algorithm, which represents the most sig-
nificant computational cost in the present approach.

Remarks

In the present approach, the equality constraints are sat-
isfied for the entire space of the uncertain parameters.

That is, the equality constraints, which are typically the
process model equations in an optimal process design
problem, that is, z in problem (9), need to be solved for
the different realizations considered in the uncertain
parameters. This specification enables the evaluation of
the process outputs’ variability under uncertainty using
the process model equations, which are then used to com-
pute the distribution of the process constraint functions
and model outputs. The present approach can also account
for structural (discrete) decisions in the analysis. The
computation of the sensitivities in the present approach
only requires that the process model is continuous. In
problems involving discrete decisions, the discrete varia-
bles are fixed in advance and the subproblems to be
solved have continuous process models that impose no
restriction in the use of PSE to approximate and compute
the process constraints and model outputs.

Note that in the case where the uncertainty is bounded but
its distribution is unknown, a uniform distribution assump-
tion would be adopted as this kind of distribution is the most
pessimistic, that is, more realizations of the extreme values
may occur. For a uniform distribution, any value within the
specified bounds has equal probability of occurrence, unlike
other distributions such as the normal distribution where the
majority of realizations will be close to the mean value and
only a rare occurrence for the extreme points. As a result,
the uniform distribution assumption yields conservative
designs and is adopted in the present methodology for those
cases of unknown uncertainty distributions. In the next sec-
tion, the application of the present approach to address the
optimal process design and operation of two case studies
under different scenarios is presented. The studies presented
in the next section were performed on an Intel Core i7 3770
CPU @3.4GHz (8GB in RAM).

Case Studies

Case study 1: Reactor–heat exchanger system

The first case study considered in the present analysis is
a plug-flow reactor coupled with a heat exchanger system
as shown in Figure 3. This system has been previously
studied for optimal process design.30 A first-order exother-
mic reaction is assumed for the production of product B
from reactant A in the direct reaction: A ! B. F0 is the
reactor’s feed flowrate with temperature T0 and initial con-
centration CA0 of reactant A. The remaining concentration
of the reactant in the product stream is denoted by CA1.

Figure 2. Algorithm proposed for the optimal design
under uncertainty.

Figure 3. Flowsheet of a reactor–heat exchanger
system.
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The variables T1, T2, and F2 are the reactor’s temperature,
and the temperature and flow rate of the recycled stream,
respectively. The recycled stream is cooled down in the
heat exchanger using cooling water supplied at a tempera-
ture Tw1 and flow rate W to ensure that the reaction temper-
ature T1 does not exceed a maximum temperature limit.
The material and energy balances of the reactor and heat
exchanger represent the process model for this system and
are as follows:

Reactor’s mass and energy balance

F0ðCA02CA1Þ=CA05Vk0 exp ð2E=RT1ÞCA1

ð2HÞF0ðCA02CA1Þ=CA05F0CpðT12T0Þ1QHE

(10)

Heat exchanger’s energy balance

QHE 5F2CpðT12T2Þ5Cpw ðTw22Tw1ÞW

QHE 5AtUð0:5ððT12Tw2Þ1ðT22Tw1ÞÞÞ

(11)

where k0, E, and H are the rate constant, activation energy, and
the heat of reaction, respectively. QHE is the heat transfer, U is
the overall heat transfer coefficient, whereas the heat capacity
of the recycled flow and cooling water are represented by Cp

and Cpw, respectively. The design parameters are the reactor’s
volume V, and the heat exchanger’s transfer area At. In addition,
X represents the rate of conversion of reactant A. The state vari-
ables are CA1, T2, F2, and W, which can be eliminated by ana-
lytic expressions using Eqs. 10 and 11 as follows

CA15CA0ð12XÞ

X5
Vk0CA0 exp ð2E=RT1Þ

F01Vk0CA0 exp ð2E=RT1Þ

T25
2ð2HÞF0X

AtU
2

2F0CpðT12T0Þ
AtU

2ðT12Tw2Þ1Tw1

F25
QHE

CpðT12T2Þ
; W5

QHE

Cpw ðTw22Tw1Þ

(12)

The nominal values for the model parameters of this pro-
cess are listed in Table 1.30 In this case study, uncertainty is
assumed in two model inputs (F0 and CA0) and one model
parameter (k0). These uncertain parameters were assumed to
follow a normal probability distribution with specific mean
and variances, that is

hCS15½F0;CA0; k0�

F0 � Nð45:36; 1:5062Þ

CA0 � Nð32:04; 1:2662Þ

k0 � Nð0:6242; 0:0792Þ

(13)

As shown in (13), the expected values of these distribu-
tions correspond to the nominal operating conditions shown
in Table 1 for each of these parameters. A variance of 5% of
its mean is assumed for the feed flow rate F0 and concentra-
tion CA0, respectively, whereas a variance of 1% of its nomi-
nal value was assigned for the more sensitive parameter k0.
The goal of this process is to achieve a minimum of 90%
conversion of reactant A while maintaining temperature con-
straints in the process units (see Table 1). The decision vari-
ables for this case study consist of the design parameters

d5½V;At� and the operating variables u5½T1;Tw2�. Using the
PSE approximation method presented in the previous sec-
tions, the variability in the process constraints due to uncer-
tainty in hCS1 are calculated for each set of values in the
design variables d and u tested by the optimization algo-
rithm used to solve this process design problem. Using a
probability of satisfaction of Pbh 5 0.6827 for all constraints,
the extreme possible values ðnhÞ at that probability level can
be estimated as shown in (7). For example, for constraint c1
in Table 1, the probabilistic form as in (8) is as follows

nc1 � 0() P 0:92X � 0ð Þ � Pb h (14)

The rest of the process constraints shown in Table 1 were

reformulated in a similar fashion. Using the constraint for-

mulation shown in (14) together with the method explained

above to estimate nh, the constraints are aimed to satisfy a

probability of Pbh50.6827, that is, 68.27% of the time.

Based on the above, the optimal design problem shown in

(9) is reformulated for the present case study as follows

min
g5½V;At;T1;Tw2�

/5691:2V0:71873:6At
0:611:76W17:056F2

s:t :

Process model eqns ð11Þ2ð12Þ
nw � 0 8w5c1; c2; :::; c12

Vl � V � Vu At
l � At � At

u

T1
l � T1 � T1

u Tw2
l � Tw2 � Tw2

u

(15)

where the objective function is a combination of the CC and

OC of the plant that was taken from the literature.30 Problem

(15) was solved with MATLAB’s SQP solver using different

orders q for the PSE approximation and for different proba-

bility limits, Pbh.

As shown in Table 2, it is clear that the design obtained
from the first-order PSE approximation (q 5 1) is different

Table 1. Reactor-Heat Exchanger Case Study: Model

Parameters and Process Constraints

Model Parameters

Variable Estimate Units

E/R 555.6 K
H 223,260 kJ/kg mol
U 1635 kJ/m2 h K
Cp 167.4 kJ/kg mol
Cpw 75.327 kJ/kg mol
F0 45.36 kg mol/h
k0 0.6242 m3/kg mol h
CA0 32.04 kg mol/m3

T0 333 K
Tw1 300 K
Process Constraints
c1 0.9 2 X� 0
c2 X 2 1� 0
c3 T2 2 T1� 0
c4 311 2 T2� 0
c5 T2 2 389� 0
c6 Tw1 2 T2 111.1� 0
c7 Tw1 2 Tw2� 0
c8 Tw2 2 T1 111.1� 0
c9 311 2 T1� 0
c10 T1 2 389� 0
c11 301 2 T2� 0
c12 Tw2 2 355� 0
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from those obtained with high orders in the PSE approxima-
tion function. Note that process designs obtained from a
third-order (q 5 3) and a fourth-order (q 5 4) PSE approxi-
mation did not change significantly, which indicates conver-
gence of the PSE approximation function at a given
probability of satisfaction. This shows that the present meth-
odology can account for the system’s nonlinearity using
higher order PSE approximations to achieve accurate optimal
designs. The expense of using higher orders in the PSE
approximation can be observed in the increase of the compu-
tational time needed to solve the optimal design problem for
these scenarios. In this case study, the maximum difference
between the solutions obtained from orders q 5 3 and q 5 4
is only about 0.05% though the lower order identifies an
optimal design in half the time than that needed by the
fourth-order PSE approximation. Therefore, it is reasonable
to select the PSE order to q 5 3 without losing accuracy in
the results. Note that, although it is established that the solu-
tion of this case study converged using higher order PSE func-
tions, the design obtained from a first-order PSE approximation
is still feasible. An order of q 5 3 PSE was selected solely for
the purpose of demonstrating the convergence property of using
higher orders for systems with strong nonlinearities.

Table 3 shows the optimal process design alternatives
obtained when probability limits Pbh were set to different
values for all process constraints while using third-order
PSE-based approximation functions (q 5 3). As expected,
when a higher probability of constraint satisfaction is chosen,
a larger reactor and heat transfer area in the heat exchanger
are required, which directly translates into higher plant costs.
For example, a 15% increase in total costs is needed to
design a plant that will satisfy the constraints with a proba-
bility of 99.73% as opposed to the design that satisfies all
the process constraints 68.27% of the time. As explained
above, the choice of Pbh is user-defined; its direct relation to
the plant’s profitability can be clearly assessed using the
present ranking-based method. Note that the computational
times for different choices of Pbh while using third-order
PSE approximation functions is relatively the same. These
designs were validated through simulations of the actual
plant model, that is, Eqs. 10 and 11, using 100,000 MC real-
izations in the 3 uncertain variables included in hCS1. Figure
4 shows that the minimum conversion rate constraint (c1)
complies with their corresponding prespecified probability
limits. The rest of the process constraints were validated in
the same fashion and are not shown here for brevity.

To verify the accuracy of the results and the computa-
tional costs obtained while using the present method, the
present case study was also solved using a stochastic pro-
gramming technique that uses the MC sampling method
applied to the actual process model. That is, at each optimi-
zation step, random MC realizations of the uncertain parame-
ters hCS1 are generated and used to simulate the complete

process model. The results from the simulations are then
used to obtain the output distributions and evaluate the com-
pliance of the constraints and the cost function. For the pres-
ent analysis, the actual plant model (10) and (11) is
simulated for each realization and a histogram is obtained
for the constraints’ distribution due to uncertainty in hCS1.
From these histograms, the constraints’ extreme possible
value at a given probability limit Pbh is computed as shown
in Figure 1; however, the distribution at each single function
evaluation of the optimization algorithm is now obtained
from actual simulations of the plant model rather than from
the PSE approximation method. For the present analysis,
100,000 random MC sampling points were used in this
approach. The optimal process design obtained at the user-
defined probability limit Pb 5 0.9545 for all constraints is
presented in Table 4. This result is in close agreement to
that obtained by the present method shown in Table 3, that
is, the proposed method returned plant designs that are accu-
rate within an error of less than 4%. Also, the present PSE-
based methodology achieved a solution a few orders of mag-
nitude faster than the MC-based stochastic approach. Sam-
pling realizations of the uncertain parameters from their
respective probability distributions is a requirement of sto-
chastic programming, and thus the efficiency of the sampling
method used in the analysis is a factor that contributes
towards the computational demand costs.31–33 To further
demonstrate the computational benefits of the present
approach, the present case study was also solved using the
stochastic approach employing the Halton sampling tech-
nique,31 which is known to be more efficient than the stand-
ard MC sampling method. As shown in Table 4, it is clear
that the Halton-based stochastic approach is more efficient
than the MC-based approach because the computational costs
are reduced by an order of magnitude due to fewer simula-
tions needed to attain the same convergence. However, the
computational benefits of the present PSE-based approach
are still apparent when compared with the Halton-based sto-
chastic approach (i.e., at least by one order of magnitude). It
is important to note that, while stochastic programming
approaches require simulating the process model for each
sampled point, different sampling methods differ only in the
number of simulations N that is considered sufficient to
obtain an accurate solution under the uncertainty conditions.
Conversely, the present PSE-method is independent of the
used sampling method, and simulates the process model only
a few times (<<N) depending on the order used to calculate
the sensitivities. As such, regardless of the efficiency of the
sampling technique, the proposed method is less computa-
tionally intensive compared to stochastic programming
approaches when handling large-scale problems.

To further demonstrate the ranking-based feature of the
present approach, two additional cases (i.e., case A and B),

Table 2. Result for the Reactor-Heat Exchanger System,

Optimal Designs for Different PSE Orders (Pbh50.6827)

Exp. Order q 5 1 q 5 2 q 5 3 q 5 4

V (m3) 90.77 92.13 91.65 91.70
At (m2) 5.97 6.01 6.00 6.00
T1 (K) 389.00 389.00 389.00 389.00
Tw2 (K) 329.63 329.61 329.61 329.60
Costs ($/yr) 19,757 19,933 19,871 19,878
CPU time (s) 1.03 3.91 12.40 29.81

Table 3. Results for the Reactor-Heat Exchanger System,

Optimal Designs for Different User-Input Probability Pb

(PSE Method, q 5 3)

Pbh 0.5 0.6827 0.9545 0.9973

V (m3) 86.56 91.65 104.69 116.42
At (m2) 5.94 6.00 6.14 6.24
T1 (K) 389.00 389.00 389.00 389.00
Tw2 (K) 329.57 329.61 329.69 329.75
Costs ($/yr) 19,205 19,871 21,519 22,941
CPU time (s) 10.29 12.40 16.55 15.45
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with different probability of constraint satisfaction assigned to
the different process constraints, were considered. In this case,
the constraints on the conversion rate (X) shown in Table 1
(i.e., c1 and c2) were assigned to 80% and 95% for cases A
and B, respectively, whereas the recycled stream temperature
(T2) constraints, that is, c3–c6 in Table 1, were set to 68% for
both case A and B. The remaining constraints (i.e., c7 to c12
in Table 1) were kept at high probabilities of satisfaction
(99%). The optimal designs specified for cases A and B were
obtained using third-order PSE approximation functions and
are presented in Table 5. As shown in that table, a different
set of optimal designs were obtained when compared to the

case of assigning equal probabilities to all constraints, for
example, see Table 4. The results show that increasing the
probability of satisfaction for the conversion rate constraints
from 80 to 95% is mainly achieved by increasing the volume
of the reactor, which caused the total plant costs to increase
by more than 5%. The histograms obtained from simulations
of the actual plant model using different MC realizations in
hCS1 indicate that the designs obtained for case A and B com-
plies with the probability limit (Pbc1) assigned to the con-
straints, for example, Figure 5 shows the compliance of the
minimum conversion rate constraint at the corresponding
probability limits specified for case A and B, respectively.

Figure 4. Frequency histogram of the minimum conversion rate constraint at probability limits (a) Pb 5 0.9973, (b)
Pb 5 0.6827. Dashed line represents the maximum constraint limit.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 4. Results for the Reactor-Heat Exchanger System,

Optimal Design Obtained Using a Stochastic Approach that

Implements a Different Sampling Technique (Pbh 5 0.9545)

Sampling Method Monte Carlo Halton

V (m3) 108.06 107.50
At (m2) 6.149 6.137
T1 (K) 388.98 388.91
Tw2 (K) 333.29 330.74
Costs ($/yr) 21,885 21,872
CPU time (s) 3,369 914

Table 5. Results for the Reactor-Heat Exchanger System,

Ranking-Based Optimal Design Using PSE Method with

Order (q 5 3)

Case A Case B

V (m3) 95.58 104.20
At (m2) 6.05 6.14
T1 (K) 389.00 389.00
Tw2 (K) 329.63 329.69
Costs ($/yr) 20,376 21,459
CPU time(s) 12.61 15.19

3250 DOI 10.1002/aic Published on behalf of the AIChE September 2014 Vol. 60, No. 9 AIChE Journal

http://wileyonlinelibrary.com


As mentioned above, a recent computationally attractive
approach presented by Pintarič et al. was presented in the lit-
erature to address the optimal process design under uncer-
tainty. A comparison between the present approach and
Pintarič’s method can only be made for the worst-case sce-
nario, that is, robust designs that satisfy process constraints
all the time, with no ranking feature. One key feature of the
methodology proposed in this work is that it can be used to
approximate the robust optimization process design problem
under uncertainty by setting the probability of satisfaction on
the process constraints to values close to unity. To provide
further insight and compare the computational efficiency of
the proposed approach to recent computationally attractive
approaches proposed in the literature, the present case study
was solved for the worst-case scenario using both, the
method proposed in this work (i.e., setting Pb ! 1 for all
constraints) and Pintarič’s approach. As shown in Table 6,
the computational times required by both approaches to
achieve the optimal (robust) process design are comparable,
that is, of the same order of magnitude, suggesting that the
present approach is also a computationally attractive method
for optimal (robust) process design under uncertainty. A
first-order PSE was sufficient to obtain an optimal feasible
design while using the present approach. That design was

found to satisfy the constraints at a very high probability of
satisfaction, that is, Pbh 5 0.9999, which approximates to the
robust design obtained while using Pintarič et al.’s approach.
The next case study aims to study the feasibility to use this
PSE approach to address the optimal operation of a large-
scale processing plant.

Case study 2: The TE process

The TE process is a widely used industrial problem that
was proposed by Downs and Vogel27 based on an actual pro-
cess of the TE company. The process consists of a reactor, a
recycle compressor, a partial condenser and a flash separator

Figure 5. Frequency histogram for the minimum conversion rate constraint: (a) Case A, (b) Case B.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 6. Results for the Reactor-Heat Exchanger System,

Optimal Designs Using Different Approaches for the Worst-

Case Problem

Pintarič et al. PSE (q 5 1)

V (m3) 171.2434 169.02
At (m2) 6.5104 6.510
T1 (K) 389.00 389.00
Tw2 (K) 329.94 329.94
Costs ($/yr) 29,038 28,807
CPU time (s) 2.025 1.887
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to produce two liquid products (G and H) using four gaseous
reactants, that is, A, C, D, and E, from the following reactions

A gð Þ 1 C gð Þ 1 D gð Þ ! G liqð Þ
A gð Þ 1 C gð Þ 1 E gð Þ ! H liqð Þ

A gð Þ 1 E gð Þ ! F liqð Þ
3D gð Þ ! F liqð Þ

The feed has an inert component B, and F is a by-product. The
plant (shown in Figure 6) can operate at different production mix
rates of G and H depending on market fluctuations. The base case
is a 50/50 production in both G and H at a production rate of
7038 kg/h; this is the case considered in the present study. The
four reactions in the reactor are defined as irreversible exothermic
reactions; the reaction rates are temperature-dependent and can be
described by an Arrhenius-like function. The reactions are
approximated by first-order kinetics with respect to the reaction
concentrations. As shown in Figure 6, the reactants A, D, and E in
the feed stream enter the reactor unit together with the gaseous
recycled stream where they react to form the desired liquid prod-
ucts G and H. A nonvolatile catalyst dissolved in the liquid phase
is used to drive the gas-phase reactions and the products exit the
reactor along with some unreacted gases in a vapor phase. The
liquid products are condensed and separated from the gaseous
mixture in the partial condenser and flash separator respectively,
while the noncondensable components (unreacted gases) are
recycled back to the reactor through a centrifugal compressor.
The liquids collected at the bottom of the separator is pumped to
the stripper which helps recover the remaining unreacted species
D and E which would otherwise be lost in the product stream.
This separation in the stripper is achieved by using a mixture of A
and C as the solvent stream entering the base of the stripper
(stream 4 in Figure 6), sending the vapor stream leaving the top
of the stripper back to the reactor through the mixed recycle
stream. The liquid stream at the bottom of the stripper is refined
by heating with steam to obtain an acceptable purity of the desired
products G and H. The separation of these two products is carried

out in a downstream separation unit not shown in Figure 6. Non-
condensable inert species B enters through stream 4, and thus a
purge stream is introduced that prevents the buildup of this spe-
cies as well as the by-product F. This plant has 50 state variables,
12 manipulated (operating) variables, and 41 available output
measurements. Six operational constraints are specified for the
safe operation of the process. Detailed descriptions of the TE pro-
cess are given in the original problem formulation presented by
Downs and Vogel.27 However, a mathematical model describing
the behavior of this process was not explicitly provided; instead
those authors made available a FORTRAN code that simulates
this plant under various operating conditions, that is, a black-box
model. That original FORTRAN code has been translated into
several computing languages. This work makes use of a MAT-
LAB version code provided by Ricker34 to carry out the present
analysis. The optimal steady-state operation of the TE problem
has been previously studied by Ricker.34 In that work, the optimi-
zation aimed to identify the nominal values in the system’s states
(x) that minimizes the plant’s operating costs. Uncertainty in the
model parameters or the system’s states was not considered by
Ricker.34 At steady state, the 12 manipulated variables u are rep-
resented by the last 12 states in x (i.e., x39 through x50).

Scenario 1: Uncertainty in the model parameters

This scenario is similar to that presented by Ricker,34 that
is, determine the optimal steady-state operation of the TE
process; however, the present analysis will explicitly account
for uncertainty in one of the TE’s model parameters. In this
case, one of the states, that is, the number of moles of liquid
product G inside the reactor, will be assumed to be uncertain
due to some model errors or lack of information that pre-
vents the availability of accurate data. Hence, this uncertain
parameter is described as follows

x7 � Nðx7;nom ;r7
2Þ (16)

where x7,nom and r7 represent the state’s mean value and
standard deviation (i.e., x7,nom 5 135.363, r7 5 1.8396),

Figure 6. Schematic flowsheet of the TE process.
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respectively. The same objective function for the TE process
as that presented by Downs and Vogel and used by Ricker
will be used in the present analysis, that is

uTE 50:053m310:0318m1910:44791m10½2:209m2916:177m31

122:06m32114:56m33117:89m34130:44m35122:94m36�
14:541x46½0:2206m3710:1456m3810:1789m39�

(17)

The process constraints for the TE plant are as follows:

g1512
m12

50
50

g2512
m15

50
50

g3512
2:8153x46m40

wG

50

g4512
3:4510x46m41

wH

50

g55
m7

Pmax

21 � 0

g6512
m8

Lmin

� 0

(18)

where mi represents the ith measurement in the plant (41 meas-
ured outputs total) whereas wG and wH are the desired produc-

tion of products G and H, respectively. The first two

constraints in (18) are the liquid level constraints in the flash

separator and stripper, whereas g3 and g4 are production tar-

gets for products G and H, respectively. Pmax and Lmin repre-

sent the reactor’s maximum allowable pressure and the

reactor’s minimum liquid level, respectively. Accordingly, g5

and g6 represent the reactor’s maximum pressure and mini-

mum liquid level constraints, respectively. Following the

methodology presented in this work, the above constraints

were reformulated in the form shown in (8). Applying the PSE

approximation analysis, the distribution (variability) in the

process constraints due to uncertainty in x7 is obtained by sub-

stituting sampled uncertainty data into each of the PSE-based

expressions developed for each of the process constraints

shown in (18). Following (7) and (8), the TE process con-

straints shown in (18) were reformulated as follows:

ngðkÞ � 0 8k51; 2; :::; 6 (19)

where ngðkÞ represents the kth process constraint in the TE

process shown in (18) and that is evaluated using a PSE-

based constraint function at a given probability of satisfac-

tion Pbh. Based on the above descriptions, the optimal opera-

tion problem of the TE process under uncertainty in x7 can

be formulated as follows

min
x

uTE ðx;mÞ

s:t :

TE process model

ngðkÞ � 0 8k51; 2; :::; 6

xi � 0 8i51; 2; :::; 38; i 6¼ 7

0 � xi � 100 8i539; 40; :::; 50

(20)

where the TE process model was developed by Ricker34 as a
MATLAB code and not discussed here for brevity. The pres-

ent analysis assumes that a suitable control scheme can be
designed to maintain the feasible operation of the TE pro-
cess. Problem (20) aims to identity the optimal operation of
the 49 states in the TE process (which also include the nomi-
nal values in the manipulated variables) in the presence of
uncertainty in x7, which follows the description shown in
(16). For comparison purposes, problem (20) was solved
using the mean (nominal) value in x7 (i.e., optimal design
using only x7,nom) and using the uncertainty description
shown in (16) for x7. Also, the optimal operation of the TE
plant was solved for different confidence levels in the pro-
cess constraints and the model outputs. The results obtained
for the available manipulated variables u and the output
measurements m, which specify the TE’s optimal steady-
state operating conditions, are shown in Table 7. The present
analysis shows that, for the nominal base case (i.e.,
x7 5 x7,nom), a total cost of 2% less than that reported by
Ricker’s34 (114.31 $/h) was obtained with the present
method. As shown in Table 7, conservative (expensive) plant
designs were specified by the present method to accommo-
date the uncertainty considered in x7. A 13% increase in the
total costs was observed for the case of compliance of the
constraints under uncertainty (Pbh 5 0.9973) as opposed to
the case when x7 is fixed to its nominal value. As shown in
Table 7, the optimal TE process operation requires more
purging when x7 is assumed to be uncertain, which leads to
high economic losses due to wasted products in the purge
stream. Table 7 also shows that in the purged stream, the
concentration of the more expensive components [according
to (17)], which are reactant D, products G and H, are higher
when the uncertainty in x7 is considered in the analysis. This
also results in higher losses in the purge stream than in the
case of fixing x7 to its nominal (mean) value. As x7 repre-
sents the number of liquid moles of the product G in the
reactor, this state has a direct effect on the reactor’s pressure
and liquid level, which results in a reduction in the con-
denser coolant flow rate. As shown in Table 7, the computa-
tional time needed to solve this problem was about half a
minute when using the present PSE approach. However, the
stochastic programming approaches using the standard MC
sampling method and the efficient Halton-based sampling
method required CPU times that are at least 500 and 240
times larger than that required by the present PSE-based
method. This result shows the potential computational bene-
fits of the present methodology to address the optimal design
of large-scale processes under uncertainty. For the present
analysis, a first-order PSE approximation was found to be
sufficient to describe the output constraint distributions.

Scenario 2: Uncertainty in multiple parameters

This scenario aims to explore further the effect of using
high-order terms in the PSE approximation functions due to
the use of multiple uncertain parameters in the analysis.
Accordingly, the uncertain states considered for this scenario
follow a normal distribution PDF with the following
characteristics:

x7 � Nð135:363; 1:83962Þ

x2 � Nð7:522; 0:61332Þ

x9 � Nð2:580; 0:622042Þ

(21)

where the means are the nominal values for the TE optimal
base case35 and a variance of 2.5, 5, and 15% were assumed as
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parametric uncertainty for states 7, 2, and 9, respectively. The
rest of the specifications are the same as in Scenario 1. This
scenario was solved using different orders q in the PSE
approximation at a constant user-defined probability for all the
constraints (Pbh 5 0.6). As shown in Table 8, the computa-
tional time required for Scenario 2 is larger than for Scenario
1 even for the case of a first-order PSE approximation (Sce-
nario 2, q 5 1). This increase in the computational costs is
mostly due to the simultaneous consideration of multiple
uncertainties occurring in the plant. Table 8 also shows that
the first-order PSE approximation does not provide accurate
results when compared to the designs achieved with high-
order PSE approximations, that is, using a first-order PSE
approximation in the calculations resulted in plant costs that
are 11% lower than that obtained from a second-order PSE
approximation. Thus, high-order PSE approximation functions
needed to be considered in the calculations to accurately
describe the variability in the constraints due to the uncertainty
in states x2, x7, and x9. As shown in Table 8, the operating
costs obtained for the second-order (q 5 2) and the third-order
PSE approximation (q 5 3) have a relative error less than 1%.
Hence, the current scenario will adopt a second-order PSE
approximation as it identifies the optimal operating conditions
of the TE plant in a CPU time that is about 5 times faster than

using third-order PSE approximation functions for the process
constraints and model outputs considered in the analysis.

As shown in Table 8 (Scenario 2, q 5 2), a total operating
cost of 140.71 $/h is needed to satisfy the TE process con-
straints at a probability limit of Pbh 5 0.6. This operating cost
is more than 20% higher than that obtained for Scenario 1,
that is, only one uncertain state (x7) at Pbh 5 0.687, and about
25% higher than that obtained when x7 is fixed to its nominal
mean value (see Table 7: x7 5 x7,nom). As shown in Table 8,
the purge losses still dominates the total TE plant costs. Note
that the concentration of the products lost in the purge stream
is higher in Scenario 2 than in Scenario 1. Similarly, the esti-
mates manipulated variables shown in Table 8 indicate that a
larger purge valve opening (more purging) is needed when
compared to the design obtained under perfect knowledge of
all the system’s states, that is, x7 5 x7,nom in Table 7. This
result indicates that the specification of the optimal operation
of the TE process under the assumption of system’s states or
model parameters that are assumed to be perfectly known
results in inoperable plants under uncertainty. Conversely, the
present method identified (at minimum computational cost)
an optimal operating condition for this process that remains
feasible (at given probability of satisfaction, Pbh) in the pres-
ence of uncertainty in multiple system’s states.

Table 7. Optimal Operation of the TE Plant, Scenario 1

x7 5 x7,nom

Pb 5 0.6827

Pb 5 0.9545 Pb 5 0.9973PSE MC Halton

Manipulated Variables
D feed flow (%) 62.781 62.781 62.782 62.782 62.796 62.816
E feed flow (%) 53.216 53.403 53.375 53.368 53.873 53.990
A feed flow (%) 27.594 27.786 27.851 27.844 27.442 26.933
A 1 C feed flow (%) 60.503 60.528 60.510 60.508 60.647 60.550
Recycle valve (%) 63.722 63.487 63.598 63.572 55.470 46.516
Purge valve (%) 20.978 20.836 20.816 20.825 21.601 22.624
Separator valve (%) 36.812 36.976 36.973 36.970 37.522 38.100
Stripper valve (%) 46.615 46.687 46.675 46.671 46.841 46.841
Steam valve (%) 1.000 1.000 1.000 1.000 1.000 1.000
Reactor coolant (%) 37.641 37.862 37.839 37.832 38.400 38.587
Condenser coolant (%) 100.000 100.000 100.000 100.000 52.640 38.300
Agitator speed (%) 48.623 48.702 48.676 48.673 49.054 49.172

Key measured outputs
Recycle flow (ksmch) 20.834 20.909 20.896 20.892 21.708 22.387
Reactor pressure (kPa) 2800.000 2788.400 2788.200 2788.100 2757.400 2726.000
Reactor level (%) 65.001 65.241 65.226 65.220 65.846 66.377
Reactor temp. (�C) 125.180 124.770 124.800 124.820 123.930 123.400
Compressor work (kW) 327.860 330.090 330.120 330.050 338.200 340.160
Cond. cool. temperature (�C) 46.839 46.887 46.880 46.878 53.112 58.015
Purge %A (mol%) 39.525 40.011 40.115 40.087 38.359 35.838
Purge %B (mol%) 22.283 22.394 22.397 22.398 22.600 22.854
Purge %C (mol%) 15.327 14.461 14.299 14.315 13.720 12.920
Purge %D (mol%) 0.600 0.646 0.644 0.643 0.787 0.958
Purge %E (mol%) 11.554 12.109 12.096 12.091 14.181 16.767
Purge %F (mol % 4.858 4.636 4.688 4.699 4.396 4.383
Purge %G (mol%) 3.974 3.898 3.912 3.916 4.033 4.249
Purge %H (mol%) 1.879 1.845 1.851 1.853 1.924 2.031
Product %D (mol%) 0.013 0.014 0.014 0.014 0.017 0.020
Product %E (mol%) 0.807 0.875 0.870 0.869 0.999 1.136
Product %F (mol%) 0.329 0.325 0.327 0.327 0.300 0.288
Product %G (mol%) 53.629 53.547 53.560 53.564 53.370 53.371
Product %H (mol%) 43.749 43.767 43.756 43.754 43.844 43.719

Costs breakdown
Purge losses ($/h) 56.824 56.347 56.362 56.388 58.378 61.221
Product losses ($/h) 37.971 39.980 39.911 39.864 43.146 47.044
Compressor ($/h) 17.575 17.693 17.694 17.691 18.128 18.233
Steam ($/h) 0.209 0.212 0.212 0.212 0.210 0.207
Total cost ($/h) 112.580 114.230 114.180 114.150 119.86 126.710
CPU time (s) 5.706 32.108 16,295.361 7721.978 36.651 36.875

3254 DOI 10.1002/aic Published on behalf of the AIChE September 2014 Vol. 60, No. 9 AIChE Journal



For this case study, it was not possible to compare the
results presented in Table 8 with that of a stochastic pro-
gramming approach because the solution of the optimal
operation of the TE plant will require intensive calculations.
That is, assessing the variability in the process constraints
and model outputs at each optimization step using extensive
simulations of the full TE plant model for a large set of real-
izations in the uncertain parameters may result in prohibitive
computational times. To compare the computational costs
while using the actual TE process model and different orders
in the PSE approximation functions, the CPU time needed to
obtain the distribution (frequency histogram) in the reactor’s
maximum pressure constraint was assessed. To perform this
analysis, the specifications obtained for the second-order
PSE approximation shown in Table 8 (Scenario 2, q 5 2)
were used to generate the frequency histogram for this con-
straint via the MC sampling method applied to the full plant
model. The same frequency histogram was generated using a
first-order, second-order, and a third-order PSE approxima-
tion function for that constraint. 10,000 realizations that fol-
low the description in (21) for the uncertain parameters were
used in this analysis. As shown in Figure 7, second-order
and third-order PSE approximations accurately capture the
distribution in the reactor’s pressure due to the realizations
considered for the uncertain parameters. The CPU time

needed to generate this distribution using the full plant
model and the different PSE approximations are shown in

Table 8. Optimal Operation of the TE Plant, Scenarios 2 and 3

Scenario 2 (q 5 1) Scenario 2 (q 5 2) Scenario 2 (q 5 3) Scenario 3 (q 5 2)

Manipulated Variables
D feed flow (%) 62.89 65.88 65.88 62.89
E feed flow (%) 53.72 54.34 54.35 56.72
A feed flow (%) 26.71 27.26 27.25 26.45
A 1 C feed flow (%) 60.50 62.03 62.03 61.62
Recycle valve (%) 45.13 43.90 43.82 1.00
Purge valve (%) 23.05 24.01 24.01 26.39
Separator valve (%) 38.03 40.07 40.10 41.33
Stripper valve (%) 46.75 48.16 48.17 47.78
Steam valve (%) 1.00 1.00 1.00 41.30
Reactor coolant (%) 38.33 38.90 38.91 40.80
Condenser coolant (%) 37.27 100.00 100.00 18.78
Agitator speed (%) 48.93 48.88 48.89 50.26

Key measured outputs
Recycle flow (ksmch) 22.24 20.84 20.85 31.87
Reactor pressure (kPa) 2720.00 2678.70 2678.40 2800.00
Reactor level (%) 66.11 65.83 65.86 70.00
Reactor temperature (�C) 123.97 125.06 125.03 118.48
Compressor work (kW) 336.94 323.55 323.56 269.33
Cond. cool. temperature (�C) 58.30 47.20 47.20 81.65
Purge %A (mol %) 34.65 31.66 31.64 32.39
Purge %B (mol %) 22.90 23.85 23.85 21.31
Purge %C (mol %) 13.40 12.47 12.44 11.02
Purge %D (mol %) 0.92 1.05 1.06 1.80
Purge %E (mol %) 16.68 19.16 19.23 24.62
Purge %F (mol %) 4.86 5.47 5.44 2.61
Purge %G (mol %) 4.47 4.36 4.35 4.17
Purge %H (mol %) 2.13 1.98 1.98 2.08
Product %D (mol %) 0.02 0.02 0.02 0.03
Product %E (mol %) 1.06 1.35 1.36 1.45
Product %F (mol %) 0.30 0.38 0.37 0.15
Product %G (mol %) 53.53 54.44 54.43 52.33
Product %H (mol %) 43.62 42.35 42.34 44.57

Costs breakdown
Purge losses ($/h) 62.44 64.25 64.24 74.74
Product losses ($/h) 44.85 58.91 59.23 53.33
Compressor ($/h) 18.06 17.34 17.34 14.44
Steam ($/h) 0.20 0.21 0.21 7.03
Total Cost ($/h) 125.54 140.71 141.02 149.54
CPU Time (s) 201.79 358.71 1,868.93 274.19

Figure 7. Frequency histogram for the reactor’s pres-
sure obtained via the MC method applied to
the full TE plant model and the PSE-based
model using different approximation orders.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

AIChE Journal September 2014 Vol. 60, No. 9 Published on behalf of the AIChE DOI 10.1002/aic 3255

http://wileyonlinelibrary.com


the legends of Figure 7. These results indicate that using a
third-order PSE approximation (q 5 3) returns accurate
approximations in a CPU time that is about 80 times faster
than using the complete TE plant model.

Scenario 3: Ranking-based designs

The present scenario aims to demonstrate the ranking-based
feature of the proposed approach to address the optimal opera-
tion of the TE process. To perform this analysis, the results
obtained from Scenario 2 will be compared to the case were
the probability of satisfaction for the reactor’s level and pres-
sure constraints are set to 0.9 and 0.5, respectively, that is,
Pb g650:9 and Pb g550:5. The probability of satisfaction for
the rest of the constraints considered for this plant, that is,
Pbg1–Pbg4, was set to 99.73%. The uncertainty in the parame-
ters were assumed to be same as in Scenario 2 and shown in
(21), whereas the order of the PSE approximation was set to
q 5 2. Table 8 shows the results obtained for the present sce-
nario (Scenario 3). Figure 8 shows the validation of the results
obtained for the present scenario by evaluating the distribution
(variability) in the reactor’s level and pressure constraints
using the actual TE plant model. As shown in this figure, good
approximations to the probability limits considered for the
reactor’s level and pressure are obtained while using the pres-
ent ranking-based approach with as second-order PSE approxi-
mation. As shown in Table 8, the total costs specified for
Scenario 3 are about 6% higher than those obtained Scenario 2
where the constraints were set to an equal probability of satis-

faction of 60% (Pbh 5 0.6). To ensure the high probability of
satisfaction assigned to the reactor level constraint in the pres-
ent scenario (Pb g650:9), the optimal operation requires the
nominal value of the reactor level to be set at 70%, which is
4% higher than that specified for Scenario 2 (q 5 2). This
increase in the reactor’s nominal liquid level also increased
the reactor coolant’s flow rate by almost 2% with respect to
Scenario 2 (q 5 2). Similarly, the reactor pressure constraint is
not active at the solution for the Scenario 3 due to the low
probability of satisfaction assigned to this constraint
(Pb g550:5). Hence, more violations were assumed to be
allowed on this constraint for this Scenario. Moreover, the
present scenario specified a nominal temperature in the reactor
that is 7�C lower than that obtained for Scenario 2. This
decrease in temperature, combined with a high reactor work-
ing pressure, resulted in a decrease in the coolant flow rate in
the condenser unit. Note that the computational time required
to achieve a solution for the present Scenario is comparable to
that required by Scenario 2 (q 5 2). These results show that
the ranking-based approach proposed in this work is a compu-
tationally attractive practical tool that can be used to study dif-
ferent design alternatives that involve tradeoffs between
profitability and robust (expensive) plant designs under
uncertainty.

Conclusions

In this article, a new method that addresses the optimal pro-
cess design under uncertainty was presented. A ranking-based
approach is considered in the present study where the user can
assign different probability limits to each of the safety, envi-
ronmental, and operational constraints considered in the analy-
sis. Thus, critical constraints are enforced to be satisfied all the
times by setting a high probability limit, whereas less sensitive
constraints to the process safety and economics may be
allowed to be violated at an accepted level of confidence. This
feature gives the flexibility to select between conservative
(expensive) designs and economically attractive designs that
allow constraint violations. An analytical expression for the
process constraints in terms of the uncertain variables is
obtained using a PSE approximation. The PSE expressions are
then used to compute (at minimum computational cost) the
distribution (variability) in the process constraints and model
outputs due to multiple realizations in the uncertain parame-
ters, which are assessed using the MC sampling method. The
proposed approach is computationally attractive because it
avoids the need to simulate the complete plant model for each
realization in the uncertain parameters as it is the case in sto-
chastic programming-based approaches. The key computa-
tional effort in the present method relies in the identification
of the sensitivity terms for each of the PSE approximations
that need to be developed for the process constraints and
model outputs considered in the analysis. However, the two
case studies examined in this work indicate that the computa-
tional times needed by the present method to address the opti-
mal design of a large-scale system is orders of magnitude
shorter than those required by the traditional stochastic
programming-based methods, which rely on extensive simula-
tions of the complete process model.
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Notation
z = steady-state process model
d = design variables

dl;du = lower and upper bounds for design variables
p = model parameters
x = state variables
y = model outputs
u = model inputs

ul;uu = lower and upper bounds for model inputs
h = system’s uncertain variables

p� = uncertain model parameters
u� = uncertain model inputs
al = probability distribution parameters
h = process constraints

MðiÞ = ith order sensitivity term
N = number of sampled realizations in system’s uncertainty
L = number of uncertain parameters

Pb h = probability of constraint satisfaction
nh = extreme possible value at user-defined Pb h

F = cumulative distribution function
g = set of decision variables
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